FUNCTIONAL LIMIT THEOREMS FOR 
MULTIPARAMETER FRACTIONAL BROWNIAN 

MOTION 

ANATOLIY MALYARENKO 

Abstract. We prove a general functional limit theorem for mul- 
tiparameter fractional Brownian motion. The functional law of 
the iterated logarithm, functional Levy's modulus of continuity 
and many other results are its particular cases. Applications to 
approximation theory are discussed. 



1. Introduction 

Let B(t) = B(t,u), t > 0, u) G Q be the Brownian motion on the 
probability space (Q, P). The law of the iterated logarithm (Khintchin, 1924) 
states that 

r, f i B(t,(j) 

P < ui : hm sup = 

I t^oo v2t log log t 

We abbreviate this as 

Bit) 

(1) limsup = = 1 P — a. s., 

t^oo v2£loglogt 

where a. s. stands for almost surely. 

The functional counterpart to the law of the iterated logarithm was 
discovered by ( |Strassen, 1964| ). Let C[0, 1] be the Banach space of all 
continuous functions / : [0, 1] i — >• 1R with the uniform topology generated 
by the maximum norm 

. = g«l/(f)l- 
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Let Hb be the Hilbert space of all absolutely continuous functions 
/: [0, 1] i— ► R with /(0) = and finite Strassen's norm 

1 \ 1/2 

(f'(t)fdtj . 

The centred unit ball JCb of the space Tis 

IC B = {fen B : \\f\\s<l} 
is called Strassen's ball. Define 

S=lvu(t)= ^= :Oe}cC[Q,l]. 
[ V2wloglogw J 

The functional law of the iterated logarithm states that, in the uniform 
topology, the set of P-a. s. limit points of S as u — > oo is Strassen's 
ball JCb- It follows that for any continuous functional F: C[0, 1] i— *■ R 

(2) limsupF^t)) = sup F(f) P - a. s. 

In particular, for F(f) = f(l) the supremum supj eK ; B /(l) is equal to 
1 and attained on the function f(t) = t. Therefore (J2J transforms into 

Another interesting ordinary limit theorem is Levy's modulus of con- 



tinuity QLevy, 1937). It states that 



\B(t + u) - B(t)\ 

(3) lim sup sup = — = 1 P — a. s. 

uio te[o,i] W2u\ogu~ 1 



The corresponding functional counterpart was discovered by JMueller, 1981 ) 
Define 



S(u 



[ . . B(s + ut) - Bis) 1 _ r . 

= r/s (t) = ^ 7 =^=U:0< S <l-n CC[0,1], 



Then, in the uniform topology, the set of P-a. s. limit points of S(u) 
as m | is Strassen's ball Kb- Levy's modulus of continuity (j3J) fol- 
lows from its functional counterpart in the same way as the law of the 
iterated logarithm (JTJ) follows from Strassen's law. 

In fact, (Mueller, 1981) contains a general functional limit theorem 



that includes the functional law of the iterated logaritm, the functional 
Levy's modulus of continuity and many other results as particular 
cases. Our aim is to prove the analogue of the results of ( Mueller ~1 981) 



for the multiparameter fractional Brownian motion. This is the sepa- 
rable centred Gaussian random field £(x) on the space M> N with the 
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covariance function 

#(x,y) = E£(x)£(y) 

(4) =i(IWI 2ff + ||y|| 2ff -||x-y|n, 

where || • || denotes the usual Euclidean norm on the space WL N . The 
parameter H G (0, 1) is called the Hurst parameter. In particular, for 
N — 1 and H = 1/2 the multiparameter fractional Brownian motion 
becomes 

*>0, 
5 2 (t), i<0, 

where -Bi(t) and B 2 (t) are two independent copies of the Brownian 
motion. 

In Section [21 we formulate our results. They are proved in Sectional 
Examples and applications are discussed in Section HJ 

2. Formulation of results 

In what follows, we write = ^(x), if two random functions 

and £2 0*0 are defined on the same space X and have the same 
finite-dimensional distributions. We denote by O(N) the group of all 
orthogonal matrices on the space Mr. 

Lemma 1. The multiparameter fractional Brownian motion has the 
next properties. 

(1) It has homogeneous increments, i.e., for any y G ¥L N 

(5) £(x + y)-£(y)=£(x), 

(2) It is self-similar, i.e., for any u G R 

(6) £( M x)^£(x). 

(3) It is isotropic, i.e., for any g G 0(N) 

(7) ^)={(4 

Property El prompts us to use the 0(iV)-invariant closed unit ball of 
the space M. N : 

B = {xeR N : ||x|| < 1} 

(but not the cube [0, 1]^, which is not 0(iV)-invariant!) in the case of 
the multiparameter fractional Brownian motion instead of the interval 
[0, 1] in the case of the ordinary Brownian motion. 

First of all, we need to describe Hilbert space and its closed unit 
ball /Cg. In the case of the Brownian motion, the space Hb can be 
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characterised as the reproducing kernel Hilbert space for the Brownian 
motion, or as the set of all admissible shifts of the Gaussian measure 
Hb on the space C[0, 1] that corresponds to the Brownian motion, or 
as the kernel of the measure /i# JLifshits, 1995 ). In order to describe 



H$ we need to introduce some notations. 

Let r, ip, . . . , $at_2 be the spherical coordinates in B. The set of 
spherical harmonics S l m {ip, . . . ,$at_2) forms the orthonormal basis 
in the Hilbert space L 2 (S' Ar ~ 1 , dS) of all square integrable functions on 
the unit sphere S N ~ 1 with respect to the Lebesgue measure 

dS = sin i?i sin 2 i? 2 • • ■ sin^ -2 i?at-2 dip cfi? 2 • • • d$N-2 ■ 

Here m > and 1 < £ < /i(m, iV), where 

AA (2m + iV-2)(m + iV-3)! 

n(m,N) = ; . 

V ' ; (N-2)\m\ 

Let 6* denotes the Kronecker's symbol. Let p F q (ai, . . . , a p ; b\, . . . , b q ; z) 
denotes the hypergeometric function. Let 

Ami > A m 2 > ' ' ' > ^mn ">•••> 

be the sequence of all eigenvalues (with multiplicities) of the positive 
definite kernel 



b m (r, s) 



T(N/2 + m) 



(r 2H + s™)8» m - I ^ Z ^ 1 (rsr(r + sf^ 



x 2 Fi [ m + (N - 2)/2, m - H ; 2m + iV - 1 



r + s) 2 



in the Hilbert space L 2 ([0, l],dr). Let ip mn {r) be the eigenbasis of the 
kernel b m (r,s). The set 

(9) { i/; mn (r)S l m (<p, # u . . . , # N _ 2 ) : m > 0, n > 1, 1 < I < h(m, N) } 

forms the orthonormal basis in the Hilbert space L 2 (B, dr dS). For any 
/ G C(£>), let f l mn be the Fourier coefficients of / with respect to the 
basis Q: 

fLn= / f{r,ip,fii,...,fi N -2)il) m n{r)S l m (ip, tit,..., $ N - 2 )drdS. 

Js"- 1 Jo 

Lemma 2. The reproducing kernel Hilbert space of the multiparam- 
eter fractional Brownian motion £(x), x G B consists of all functions 
f G C(B) with /(0) = that satisfy the condition 

oo oo h(m,N) . j . 2 
2 \^ \^ \^ \Jmn) , _ 

5 = 2^2^ 2^ ~r — <0 °- 

m=0 n=l 1=1 Amn 
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The scalar product in the space is defined as 

oo oo h(m,N) i l 




(f,g)s = J2Yl 

m=0 n=l 1=1 



Therefore Strassen's ball is described as 



/Q = {/G^: |mi!<l}. 



In what follows we write K, instead of /Q. 

Let to be a real number. Let for every t > to there exists a non- 
empty set of indices J if). Let every element j 6 J{t) defines the 
vector y-j G WL N and the positive real number Uj. Let R r (yj, %) be the 
cylinder 

Rr{yj, uj) = { (y, u) : ||y - y^l < ruj, e" r Uj <u< e r Uj }, r > 0. 

Now we define the function F r (t). In words: this is the volume of the 
union of all cylinders R r (yj,Uj) that are defined before the moment t, 
with respect to the measure u~ N ~ x dy du. Formally, 



Theorem 1. Let the function h(t) : [to, oo) i— > R satisfies the next con- 
ditions: 

(1) hit) is increasing and lim h(t) = oo. 



for a < 1 . 

Then, in the uniform topology, the set of P-a. s. limit points of the 
cloud of increments S(t) as t — > oo is Strassen's ball K,. 

3. Proofs 
3.1. Proof of Lemmas [T] and [21 

Proof of LemmaUi It is enough to calculate the covariance functions of 
both hand sides in equations Calculations are straightforward. 




:(y,u)eV(t) cC(B). 




converges for a > 1 and diverges 



□ 
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Proof of Lemma\^ The covariance function (J3J) can be written as func- 
tion of three variables: 
(10) 

R(r, s, t) = ^{r 2H +s 2H -{r 2 +s 2 -2rst) H ), r > 0, s > 0, -1 < t < 1, 

where r = ||x||, s = ||y||, and t is the cosine of the angle between vectors 
x and y. According to the general theory of isotropic random fields 
(Yadrenko, 1983), the multiparameter fractional Brownian motion can 
be written as 

oo h(m,N) 

(11) e(r,^0i,...,iV- 2 ) = ]£ J2 C(r)S l m ^,^,...,^ 2 ), 

m=0 1=1 

where £m( r ) is the sequence of independent centred Gaussian processes 

on [0, oo) with the covariance functions 

(12) 

E&(r)&(s) 



R(r, s, t)C^- 2 ^ 2 {t){l-t 2 f N -^ 2 dt, 



T((N-l)/2)C^- 2)/2 (l)J-i 

and Cm~ 2 ^ 2 (t) are Gegenbauer's polynomials. Denote by b m (r,s) the 
covariance function (p"2|) . We will prove that b m (r, s) is expressed as 



It follows from (jl()j) and ()12j) that the covariance function b m (r,s) 
can be written as the difference of two integrals: 
(13) 



b m (r, s) 



r((iv-i)/2)tf- 2)/2 (i) 

n (N-l)/2 



(r 2H + s 2H ) / C^ 2 (t)(l-t 2 Y N -^ 2 dt 



r((iv-i)/2)ci Ar - 2)/2 (i) 



-1 



( r a + s 2 _ 2rst) H C^- 2 ^ 2 (t)(l - t 2 Y N '^ 2 dt. 



The first integral is non-zero if and only if m = (Vilenkin, 1968). It 
follows that the first term in ()13j) is equal to 



r((jv-i)/2) 



1 c (N-2)/2 







-iC, 



(N-2)/2 







(1) 



(l_ t 2 )( iV-3)/ 2 ^ 



rm (AT-l)/2 /-l 

°0 77 tJlH , 2H\ I (1 _ t 2 ) (N-3)/2 dt 

T((N -l)/2) [r +S V-! 1 j 

r(iv/2) 1 + J ' 



Here we used formula 2.2.3.1 from (Prudnikov et al., 19861. 
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Rewrite the second term as 

(2rs) H lim / 1) x 



V((N- l)/2)(m + iV-3)! v ' a-^iv-iya,/^ \ 2rs 
C(f- 2 )/ 2 (t)(l + ^(l - tY N -^ 2 dt. 

Using formula 2.21.4.15 from flPrudnikov et al., 1988|), we can express 
this limit as 

(_l)-2 Af - 2 7r( iV - 1 )/ 2 r((iV-l)/2)(m-l)!(r + s) 2 ^ I> - (N - 3)/2 - m) 



x lim 



(m + iV-2)! a -f(jv-i)/2 r((iV-l)/2-a) 

,v 2 -H,l;a-Z=Z-m,m + N-l;j$p 



a ^(N-i)/2 r(a - ^f 2 - m) 

The first limit is calculated as 

r(a- (N-3)/2-m) , r(-/3-m+l) 
lim 77 7-. : — = lim — 

«-»(iv-i)/2 r((JV-l)/2-a) /3-o 

/-o(l + /3)(2 + /3)...(m-l + /3)r(/3) 
- ( " ir ^ lim r(_/?) 



(m-l)!/3-o 

^ (-l)m-l 

~ (m- 1)!' 

For the second limit we use formula 7.2.3.6 from (Prudnik ov et al. , 1990): 

3 F 2 (^,-H,l;a-^-m,m + N-l;j^) 

lim — 

<*-*(n-i)/z r(a - ^ - m) 

(4 rs )n»r((JV - l)/2 + m)r(m — H)(m + N — 2)! 
~~ (r + s) 2m r((iV - l)/2)r(-if)(2m + iV-2)! 

4rs 



x 2 Fi m+ (iV-2)/2,m-#;2m + iV- 1; 



r + s) 2 



Collecting all terms together, we obtain (JEJ). 

By Mercer's theorem, function b m (r, s) may be written as uniformly 
and absolutely convergent series 

oo 

b m (r, s) = A mn ^„(r)^„(s), r,s e [0, 1]. 

n=l 
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It follows that the random process £} m {r) has the form 

oo 

= yfi^ZLMr), r G [0, 1], 

n=l 

where £ l mn are independent standard normal random variables. Substi- 
tuting this representation to (fTTj) . we obtain: 
(14) 

oo h(m,N) oo 
m=0 1=1 n=l 

We call ((H)) the local spectral representation of the multiparameter 
fractional Brownian motion, because it is valid only for r G [0, 1], i.e., 
inB. 

Now Lemma El follows from (Jl"4"Jl and the general theory of Gaussian 
measures QLifshits, 1995 ). □ 

3.2. Asymptotic relations that are equivalent to Theorem [TJ 

In this subsection, we formulate two asymptotic relations and prove 
that they are equivalent to Theorem ^ 

Lemma 3. The cloud of increments S(t) is P-a. s. almost inside JC , 
i.e., 

(15) lim sup inf \\r) — /||oo = P — a. s. 

Lemma 4. Any neighbourhood of any element f G JC is caught by the 
cloud of increments S(t) infinitely often, i.e., 

(16) sup lim inf inf \\r] — f\\oo = 0. 

It is obvious that (|15[1 and (|16|) follow from Theorem ^ 
Conversely, on the one hand, it follows from (J 15)) that the set of P-a.s. 
limit points of S(t) contains in the closure of tC. On the other hand, 
it follows from (|16|) that K, contains in the set of P-a.s. limit points 
of S{t). According to general theory ( |Lifshits , 1995), JC is compact. 
Therefore it is closed, and we are done. 

3.3. Construction of the auxiliary sequences. We divide the set 
WL N x (0, oo) onto parallelepipeds 

#k P = { (y, u) : k 3 re pr < Vj < (^+l)re pr for 1 < j < N, e pr < u < e {p+1)r }, 

where k e 7* N and p G Z. The next Lemma describes the most impor- 
tant property of the parallelepipeds R^ p . 
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Lemma 5. For any t e [to, oo) the union of all cylinders R r (yj,Uj) 
that are defined before the moment t contains in the union of finitely 
many parallelepipeds R kp . 

Proof. It follows from condition [21 of Theorem^] that for any t G [t , oo) 
the volume of all cylinders R r (yj,Uj) that are defined before the mo- 
ment t with respect to the measure u~ N ~ x dy du is finite. So it is enough 
to prove that the volume of any parallelepiped R kp with respect to the 
above mentioned measure is also finite. We have 

r r N e Nprf e (p+l)r _ g prl 

/ u~ N ~ l dydu~ 7W7T{ 

/ •> e (N+l)pr 

~ r N (e r - 1) 
~r N+1 (r|0). 

Here and in what follows we write f(r) ~ g(r) (r j 0) if 

i im M = i. 

rio g{r) 

□ 

Lemma 6. There exist the sequence of real numbers t q and the sequence 
of parallelepipeds Rk qPq , q > 0, that satisfy the next conditions. 

(1) For any q > and for any e > there exists a real number 
t G (tq,t q + e) such that 

v(t) n R kqPq ^ 0. 

(2) Ifr < 2/y/N and a>l, then 

oo 

exp(— ah(t q )) < oo. 

q=0 

Proof. We use mathematical induction. 

The real number t is already constructed (it is involved in the formu- 
lation of Theorem 1). According to LemmaEl the union of all cylinders 
R r (yj,Uj) that are defined before the moment to + 1, contains in the 
union of finitely many parallelepipeds Rk p . Therefore there exists a 
parallelepiped -Rk po which intersects with infinitely many sets from 
the sequence V(t + 1), V(t + 1/2), ... , V{t + l/n), .... 

Assume that the real numbers t , ti, . . . , t g , and the parallelepipeds 
i?k p > -Rkipi , • • • , Rk qPq are already constructed. Define 

t,+i = inf { t > t q : V{t) £ R kopo U R klPl U • ■ • U R kqPq }. 



10 
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Parallelepiped Rk q+lPq+1 is defined as a parallelepiped that intersects 
with infinitely many sets from the sequence V(t q + 1), V(t q + l/2), . . . , 
V(t q + 1/n), .... It means that condition [T] is satisfied. 

In order to prove conditional define the function F' r (t) as the volume 
of the union of all the parallelepipeds Rk p , that intersect with at least 
one set V(y) for v G [to, t], with respect to the measure u^ N ^ dy du. 
Formally, 

Fl{t) = ( vr N ~ l dydu. 

The length of a side of a cube, which is inscribed in the ball of radius 
1 in the space M. N , is equal to 2/\/~N. It follows that if r < and 
(y,u) G -Rkp, then R^ p C R\(y,u). Therefore we have F{.(t) < Fx(t) 
and 

exp(-a/i(t,)) ~ -^-j / exp(-ah{t)) dF^t) 

g=0 r Jt o 



1 

r 

< 00. 



< / exp(-a/i(t))dF 1 (t) 



to 



□ 



3.4. Proof of Lemma 03 Denote 

Using properties [U and El (Lemma HJ), we obtain 

Let (y 9 , M q ) be the centre of the parallelepiped Rk qPq - Let (r, <p,$i, . . . , ##--2) 
be the spherical coordinates of a point x G i3. Let (r 2 , </9 2 , $1,2, • • • , ^N-2,2) 
be the spherical coordinates of a point z G B. Let $m'rim"n"qa ^ e the 
Fourier coefficients of the function 

6 9S (x,z) = Er7 y9i „ 9 (x)77 ysiJls (z) 

with respect to the orthonormal basis 

ijjrn'n'irfS^^ip,^, . . ■ , r &N-2)lpm"n"(r 2 )S l 1 [[, / (ip2,'&l,2, ■ ■ -^N-2^)- 

Let {£mn)> <? > be the sequence of series of standard normal random 
variables, that are independent in every series, with the next correlation 
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between series: 

cpi'q tl"s _ x -1/2 3, -1/2 h n" / 

c Wn'W'n" ~~ A rriri A m"n" U m'n'm"n" 1 H T b - 

Then we have: 

00 h(m,N) 00 
V^m=0 { = i n= l 



, • • • , VN-2) 



Let mo and uq be two natural numbers. Denote 

mo h(m,N) no 
V^m=0 ; = i n= i 



For any £ > consider the next three events: 

/: 



(m , n ) 

'ly q ,u q 



A 2q (e) = { !!Wg Z^ygT IU > £ 

A 3? ( £ ) = ( sup ^_^>£ 

where /C £ / 3 denotes the e/3-neighbourhood of Strassen's ball K in the 
space C(B). To prove Lemma El it is enough to prove, that for any 
e > there exist natural numbers m = m (£) and n = n (e) such 
that the events Ai q (e), A 2? (e), and A 3g (e) occur only finitely many 
times P-a. s. In other words, 

P < limsup Ai q {e) > = P < limsup A 2q (£) > — P < limsup A 39 (e) > = 0. 

By Borel-Cantelli lemma, it is enough to prove that 

(17a) ^P{A lg ( £ )}<oo, 

q=l 

oo 

(17b) ^P{A 2 ,( £ )}<oo, 



9 =1 



DC 



(17c) ^P{A 39 (e)}<oo. 

5=1 
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We prove (fTTb ) first. Denote 



a m n V X / 



(mo.no)/ ^ 



x|b CT -onoW- 



Using the large deviations estimate ( |Lifshits, 1995} Section 12, (11)), 
we obtain 



P < \\Vy g ,u q 



(m ,n ) II ■ 
'ly q ,u q Woo ^ 




exp 



e 2 h(t q 



1 Q 2 



+ 



By Lemma El condition [21 it is sufficient to prove that for any e > 
there exist natural numbers m = m (e) and n = n (e) such that, say, 

P 2 

< 1. 



9<7 2 



Denote 



m h(m,N) 



t^E E Ev^ei^w^^,^, 

V ^ m=0 ; =1 n=1 



and 



^m ( X ) 



-i 2 



mo 



max cr 



"in 



x . 



The sequence cr^ (x) converges to zero as m — > oo for all x G £>. 
Moreover, cr^ (x) > cr^ o+1 (x) for all x G £> and all natural m . Func- 
tions <j^ o (x) are non-negative and continuous. By Dini's theorem, the 
sequence a 2 (x) converges to zero uniformly on £>, i.e., 



lim a 

mo— >oo 



'»() 



0. 



and we choose such an m , that for any m > m , cr 2 ^ < e 2 /18. 

In the same way, we can apply Dini's theorem to the sequence of 
functions 

2 



n > i 



and find such rio that 
sup E 

for all n > n . (|T7b) is proved. 

Now we prove (|17b). In what follows we denote by C a constant 
depending only on A/", if and that may vary at each occurrence. Specific 
constants will be denote by Ci, C2, 
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Consider the finite-dimensional subspace E of the space C(B) spanned 
by the functions 

for 1 < n < n , < m < m , and 1 < I < h(m, N). All norms on E 
are equivalent. In particular, there exists a constant C\ = Ci(m ,n ) 
such that the e/3- neighbourhood of Strassen's ball K, in the space E 
equipped by the uniform norm contains in the ball of radius 1 + C\E 
with respect to Strassen's norm. Then we have 



P{A lq (e)} < P 



(m ,n ) 



(m ,n ) 
\lyq,u q 



> (1 + C x e) 



> (1 + de) 2 h(t q 



m h(m,N) n 



P E E E X mn(^n) 2 > 2(1 + C^h^) 



Denote 



A 



m=0 1=1 n=l 



min A r 

0<m<mo 
l<n<no 



m 

M = ^0 E K m i N ) 
m=0 



and let xm denotes a random variable that has x 2 distribution with M 
degrees of freedom. Using standard probability estimates for xm, we 
can write 



P{A lq (e)} < P{ X m > 2(1 + C l£ y\- L h(t q )} 
<exp{-(l + C7 1 e) 2 A- 1 /i(t g )} 

for large enough h{t q ). Applying LemmaEl condition |21 concludes proof. 
Now we prove (J17b J. Denote 



Ci 

C2 

c 3 



sup 

(yi,«i)G-Rr(y,u 



sup 

(yi,ui)ei?r(y,M 

(y2,W2)6-Rr(y,M 

sup 

(yi,«i)Gi?r(y,M 



K(yi)-e(y 2 )l 

sup |C(yi + Mix) - £(y 2 + m 2 x) 



sup |£(y 2 + w 2 x) -f(y 2 )|. 



14 



ANATOLIY MALYARENKO 



It is easy to see that Ci < C2 and \\r] yq , Uq - %,u||oo < Ci + C2 + (3- It 
follows that 

(18) P{A 3q (e)} < P |c 2 > e^[h{^)/l2^ + P |c 3 > . 



The second term in the right hand side may be estimated as 
(19) 



P <G>eJh(t q )/6 \ = P{ 



snp U X )\[{u 2 /u l ) H -l}> £ -^^ 

(yi, mi )ei? r (y,u) 
k (y2,«2)e-Rr(y,M) 



< P<(sup£(x) > 



6(5 



where 5 = 5(r) = max{r, e 2iTr — 1, e r — 1}. 

Another large deviation estimate ( |Lifshit s, 1995j Section 14, (12)) 
states that there exists a constant C = C(H) such that for all K > 



(20) 



P (sup£(x) >k\ < Cir Ar/H - 1 exp(-ir 2 /2)- 



Using this fact, we can continue estimate (fTT?|) as follows 



■ , ^e N / H - l [h{t q )}^- H )/^ H ) ( 2e 2 h{t qi 
P ( 3 > e\ Ht q )/6 } < C 4^ exp ' 



§N/H- 



72S 2 



If we choose such a small r that 5 < e/6, then by LemmaEl condition^ 
the series 



OO s -1 

£)P \C3>e^Ht q )/6\ 

q=l ' 



converges. 

Using (jUJ), we write random variable (2 as follows 



sup 

(yi,"i)efi r (y,ii) 

(y2,'"2)Gflr(y,'") 



yi + Ujx. 
2V(2H) Ml 



/ y 2 + u 2 yj 

« ^ 2 V(2H) Ul 
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The right hand side can be estimated as follows. 

|| (yi + Mix) - (y 2 + w 2 x) || ||yi - y 2 || ||x|| • \ut - u 2 

n1 //O TJ\ 



2V(2H) Ml - 2 V(2H) Ml 2V(2H) Ml 

_Jrv_ 1/{2H) ( l _U2\ 

< 2 1 -V(2^) re r + 2 -V(2if)( e 2r_ l) 
< 2 l-l/(2H) Je r. + 2 -l/(2/0 (5 2 + 2(5) 
< 2 l-l/(2H) (j2 + 5)+2 -l/H (J 2 + 5) 

< C 2 5. 

Let Zj, 1 < j < C(C 2 <5) _Ar be the Cx^-net in £>. Standard entropy 
estimate for the first term in the right hand side of (|18|) gives 

12 



P{( 2 >s x /h(t q )/l2\<P{ snp |£(x + y)-£(x)|>- 

l|y||<c 2 <5 



<P{ snp \^ J +y)-^ J )\> E " /Wq> 



l<j<C(C 2 S)- N 

l|y||<c 2 <5 



24 



, i 24(C 2 <5)" 



^Cr^P snp |£(y|> V * ; 



N e*»-i[h(t q )r-»VW { s*h{t q 

W^H eX P 



5 N ~ H * \ li52(C 2 <5) 2 ^ 

Here we used Lemma ^ and (|20|) . If we choose such a small r that 



e 2 



> 1, 



1152(C 2 <5) 2 ^ 
then by Lemma condition El the series 

OO ^ -i 

£p c 2 >e V / Mg/i2 

q=l ^ ' 

converges. This concludes proof of Lemma El 

3.5. Proof of Lemma H By Lemma condition^ for any q > 

there exists a number t' G [t q , t q+ i) such that V(t) riRk qPq ^ 0- Choose 
arbitrary points (y' q ,u' q ) G V(t) fl Rk qPq - It is easy to see that the 
sequence t' q satisfies Lemma condition |21 as well. 



16 
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The set of all / G C(B) with < < 1 is dense in K. It is 

enough to prove that for any such / we have 



lim inf 

q— too 



£(y'+ M 'x)-£(y'; 



[u 



2h(t>) 



f 



P - a.s. 



According to QLi and Shao, 200"T| Theorem 5.1), there exists a con- 
stant C 3 = C 3 (N, H) such that for all e G (0, 1] 

P (sup |£(x)| <e)> exp {-C 3 e~ N / H ) . 



Denote (3 = (C 3 ) H / N (1 



s)~ H/N - We will prove that 



lim inf [h(t' )] 

q— too 



(N+2H)/(2N) 



ay' + <x) - ay'] 



u 



< —=/3 P-a.s. 
" y/2 



A 



Consider the event 

t(y 9 + <x) - ay'q] 



u 



- Jm')f 



<P{l + e)[h{ft\ 



-H/N 



Using JMonrad and Rootzen, 1995} Proposition 4.2), we obtain 
log P{A lq (e)} > 2h(t' q )(-l/2)\\f\\l - C 3 (3~ N/H (l + e)- N ' H h{t' q , 



-Kg oi/ni+a-ii/nDa+s)-^] 



The multiplier in square brackets is less than 1. It follows that 
(21) 



q=0 

If the events Ai q {e) were independent, the usage of the second Borel- 
Cantelli lemma would conclude the proof. However, they are depen- 
dent. 

In order to create independence, we use another spectral representa- 
tion of the multiparameter fractional Brownian motion, as ( |Monrad and Rootzen, 1995 
Li and Shao, 2001] ) did. Let W denotes a complex-valued scattered 



Gaussian random measure on W with Lebesgue measure as its control 
measure. 

Lemma 7 (Global spectral representation). There exists a constant 
C A = C 4 (jV, H) such that 

f (x) = C A [ (e l(p ' x) - 1) ||p||-(^v/2)-j^ ^( p ) 
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This result is well-known. Using formulas 2.2.3.1, 2.5.6.1, and 2.5.3.13 
from (Prudnikov et al., 1986), one can prove that 



h HV((N + H)/2) 



( 1 " 1 r(iv/2)r(i — h) ' 

Let < a < b be two real numbers. Denote 



e (a - fe) (x) = Q 



( e Kp,*) - i) ||p | 



-(N/2)-H 



dw( P ), e (a ' 6) (x) = e(x)-e^(x). 



(0,6), 



||p||e(o,6] 

Lemma 8. The random field £'°' & )(x) has the next properties. 

(1) It has homogeneous increments. 

(2) For any u G K 

(22) f (a ' fe) ( M x) = u^ (Ma,nfe) (x). 

(3) It isotropic. 

This Lemma can be proved exactly in the same way, as Lemma ^ 
Put 

d q = K)- 1 exp{/ i (t;)[exp(/ i (t;) +1-H}} 
and consider the events 



< /3(1 + e)[h(t'T H/N 



AH 



> e«0] 



iy-H/N 



Lemma 9. We have 



^P{i 39 (^)}<oo. 

Proof. Using Lemma |H1 one can write 

P{A 3q (e)} = P {|||K^'«(x)||oc > e/3[/»(*J)]- J/iV } 

Put 

x g = exp{— exp[(l - 
Using Lemma El once more, we have 



2 s)Kt' q )}}. 



P{A 3q (e)} = P <J sup |^>i" 1 «^-i.*/«W)(x)| > £xf/3[/i(t;)]- H/iV 



[xl <a; 



Denote 



C 9 (x) = | 



x). 
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We estimate the variance of the random field C?( x ) f° r || x ll < x q- We 
have 

E[C,(x)] 2 = 2C 2 A I (l-cos(p,x))||p||-™dp 

J \\Y>\\< x q lu 'qdq-l 

+ 2C 2 A [ ( (l-cos(p,x))||p|r iV - 2H dp. 

J ||p||>Zg 1 W q d q 

In the first integral, we bound 1 — cos(p,x) by ||p|| 2 • ||x|| 2 /2. In the 
second integral, we bound it by 2. Then we have 



E[C 9 (x)] 2 < Q 2 * 2 . / \\P\\ 2 - N - 2H d P +ACl I 

J \\\>\\<X„ U'„da — 1 "'lip 



iipir^dp. 

|P||<^9 U' q d q -1 J||p||>X^ 1 M / 9 d 9 



Now we pass to spherical coordinates and obtain 



q Jo 



X q U q d q -l fOO 



p^dp + c / v - x - 2H d v 



Xq v/qdq 



=cxt H [(u>d q ^r™+(u> q d g )-™]. 

Substituting definitions of d q and x q to the last inequality, we obtain 
E[C,(x)] 2 < Cexp {-2#{exp[(l - \\f\\ 2 s )h(t' q )] + (1 - H)h(t' q )}} 

or, 

^(Xq^'qdq-UX-^'qdq) ^ _ ^Xg 1 u' q d q - 1 ,X q 1 U l q dq ) ^ 2 < <^2(|| x _ y. 1 1 ^ 

for ||x — y|| = 8 < x q , where 

^(5) = Cmin {^,exp {-2#{exp[(l - \\f\\l)h(t' q )\ + (1 - H)h(t' q )}}} . 

We need the next lemma ( |Fernique, 1975D 

Lemma 10. Let C( x ), x G [0,2]^ be a separable centred Gaussian 
random field. Assume that 

sup E(C(x)-C(y)) 2 <^ 2 (5). 

x,ye[0,x] N 

l x -y||<<5 

Then, for any sequence of positive real numbers yo, y\, . . . , y p , . . . , 
and for any sequence of integer numbers mi, m<i, . . . , m p , . . . , every 
of which can be divided by previous, 

{ oo ^ oo poo 

sup |C(x)| > y <p(x) + V^(x/2m p ) \ < v ^^(m p+1 ) JV / e~ u ' 
xG[0,xr p=i J p =0 J Vv 



/2 
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Put m p<q = q 2 \ y 0g = 2y / (iV + l)h(t' q ), and 

y M = e{ P +l)- 2 x^[h{t' q )r H/N /^ q ■ q- 2 "), Q > I- 
For large enough q, 

y M > 2^(N + 3)h(t' q )2?/ 2 
for all p > 1. Moreover, 

oo 

yo,qf q (x q ) +^2y p , q ip q (x q /2m M ) < exf (3[h(t' q )]- H/N . 
P =i 

We have 

oo oo oo 

g=l g=l p=l 

and application of Lemma El finishes the proof. □ 

It follows from definition of the events Ai q (e), A 2q (e), and A 2q (e), 
that 

(23) A lq {e) c A 2q {2e) U A 3q {e) c ii,(2e) U i 2 ,(e). 
Combining (jUJ), (J23J), and Lemma El we get 

oo 

(24) J>{! 29 ( £ )} = oo. 

Now we prove that the events A2 q (e) are independent. It is enough 
to prove that < d q . Using the definition of d q , this inequality 
becomes 

u' q <e l - H u' q _ x . 

By our choice of u' q , we have e PqT < u' q < e Pq+1 r. Since by construction 
of the parallelepipeds R\t qPq two adjacent parallelepipeds can lie in the 
same li-layer or in adjacent w-layers, we have 

< e 2r u' q . 

We choose r < (1 — H)/2, and we are done. 

It follows from the second Borel-Cantelli lemma that 

(25) P jlim supine) 1 = 1. 
Combining ()23|). (J25)l . and Lemma El we get 

P j limsupii 9 (3e) 1 = 1. 
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Since e can be chosen arbitrarily close to 0, Lemma 0] is proved. 



4. Examples 

4.1. Local functional law of the iterated logarithm. Let to = 3. 

Let J {t) contains only one element 0. Let yo = and w — t" 1 . Then 
we have 

i?i(0, u) = { (y, v ) : ||y || < u, e~ l u < v < eu }. 
It is easy to see that dAi(u) is comparable to 

J\\y\\<u U N+1 U 

The function h(u) = log log u satisfies the conditions of Theorem^ We 
obtain, that, in the uniform topology, the set of P-a. s. limit points of 
the cloud of increments 



2 log logt" 1 ^ 



as t I is Strassen's ball K. For the case of N = 1 and H = 1/2, this 
result is due to ( Gantert, 1993| ). 

Let F(f) = ll/Hoo, / e C(B). On the one hand, we have 

limsup — — — = sup ll/H P — a.s. 
tio A/21oglogt~H H / e /c 

On the other hand, according to ( |Benassi et al., 1997 ), we have 

£(t) 

limsup — = — = 1 P — a.s. 
tio ^2\og\ogt-H H 

It follows that 

(26) sup ||/|| = 1. 

/G/C 

4.2. Global functional law of the iterated logarithm. Let t = 3. 

Let J{t) contains only one element 0. Let yo = and uq = t. It is 
easy to check, that dA\{t) is comparable to t _1 dt. It follows that, in 
the uniform topology, the set of P-a. s. limit points of the cloud of 
increments 

g(tx) 
V2 log log tt H 
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as t — > oo is Strassen's ball /C. For the case of N = 1 and H = 1/2, 
this result is due to ( Strassen, 1964 ). Using the continuous functional 
F{f) = ll/lloo, we obtain 



or, by 



£( x ) 

lim sup =r-rr = sup ||/|| P — a.s. 

l|x||<i V 2 log log tt w / e /c 



£( x ) 

lim sup =1 P — a.s. 



t— >oo 



x \\<t 



V21oglogtt H 



4.3. Functional Levy modulus of continuity. Let to — 2. Let 

J(t) = {y eR N : ||y|| < 1-t -1 } and u = t- 1 for any y G Then 
we have 

V(t) = {(y,u): ||y|| <l-r 1 ,u = r 1 } 

and 

U t < u V{t) = { (y,v) : ||y|| < 1 - it" 1 , m" 1 < u < 1 }. 
It is easy to see that dAi(u) is comparable to 



The function h(u) = Nlogu satisfies the conditions of Theorem ^ It 
follows that, in the uniform topology, the set of P-a. s. limit points of 
the cloud of increments 

S(t) = iw = ^ / +t * ) -^:\\y\\<l-t 
^ '2N\ogt-H H ~ 



as t I is Strassen's ball K. For the case of N — 1 and H = 1/2, 
this result is due to ( |Mueller, 1981 ). Using the continuous functional 



F(f) = ll/lloo and flUJ), we obtain: 

(27) lim sup sup p + y) =1 P _ a ,„ 
llylUo xee ^/2A^log ||y || _1 ||y || ^ 



which coincides with the results by ( |Benassi et al., 1997 ) 



Let L be the linear space of all deterministic functions / G C{B) 
satisfying the condition 

v l/(x + y)-/(x)| 

(28) lim sup sup = 1. 

iiyiuo xgb ^/2A^ log ||y II - 



It follows from JZZ) that ji{L) = 1. By dLifshits, 1995] Section 9, Propo 



sition 1) TC^ C L. From Lemma El we obtain the following Bernstein- 
type theorem from approximation theory: 
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Theorem 2. Let f G C{B) with /(0) = satisfies the condition 
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